The aim of the present paper is to investigate the commutativity of a ring with unity satisfying one of the following properties: 
integers. Also we extend these results to the case when integral exponents in the underlying conditions are no longer fixed, rather they depend on the pair of ring elements x, y for their values. Finally under different appropriate constraints on commutators, commutativity of sunital rings has been discussed.
Introduction
Throughout, R will represent an associative ring (may be without unity), N = N(R) , the set of nilpotent elements of R, Z = Z (R), the center of R, C = C(R) , the commutator ideal of 0 m ≥ and U=U(R), the group of units of X . For any x,y R,
x y denotes the commutator xy-yx . As usual Z[X] is the totality of polynomials in X with coefficients in Z , the ring of integers. Consider the following ring properties: (I). For each x,y R;
∈ there exist an integer 0 m ≥ and the polynomials 
A beautiful theorem of Herstein [3] 
We prove rather a more general result by establishing that a ring with 1 satisfying the property (I) is commutative. Further we shall consider the property (II), where integral exponents are allowed to vary with the pair of ring elements , x y and also the ring satisfies the Chacron's condition (CH). Finally, in Section 4, we establish commutativity of s-unital rings satisfying the property (see [5] ) under appropriate torsion restrictions on commutators. Also several commutativity results can be obtained as corollaries to our results (see [4, 5, 8, 10, 12] ).
Results
Consider the following types of rings.
( )
where F is a finite with a non-trivial automorphism σ .
(iii) A non-commutative division ring.
(iv) S = <1> + T, T a non-commutative radical subring of S, must be a domain.
(v) S = <1> + T, T a non-commutative subring of S that T[T, T] = [T, T]T = 0.
In 1989, Streb [12] gave a nice classification for non-commutative rings which yields a powerful tool in obtaining a number of commutativity theorems ( [5] , [6] , and [7] ). It follows from the-proof of [6, Corollary 1] that if R is a non-commutative ring with unity 1, then there exists a factorsubring of R which is of type (i), (ii), (iii), (iv) or (v). This observation gives the following proposition that plays a vital role in our subsequent discussion.
Proposition 2.1. Let p be a ring property which is inherited by factor subrings. If no ring of type (i), (ii), (iii), (iv), or (v) satisfies P then every ring with unity 1 and satisfying P is commutative.
We state the following known results.
Lemma 2.1 [3]
Let f be a polynomial in n non-commuting indeterminates 1, 2,... n x x x with relatively prime integral coefficients. Then the following are equivalent.
(a) For any ring R satisfying the polynomial identity f = 0, C is a nil ideal. 
Lemma 2.2 [7]
If R is non commutative ring satisfying (CH), then there exists a factor subring of R which is of type (i), or (ii).
Lemma 2.3 [1]
Let R be a ring in which for all x, y in R , there exists polynomial f (X) in
Commutativity of rings with unity 1
Theorem 3.1 Let R be a ring with unity l satisfying (I). Then R is a commutative ring.
Proof. In view of Proposition 2.1, it is enough to prove that R cannot be of type (i), (ii), (iii), (iv), (v).
Choose some polynomials Thus R cannot be of type (ii).
Let R be a ring of type (iii). Suppose that R satisfies the properly (I). Let u be a unit in R , that is u U ∈ , and for arbitrary element y R ∈ we obtain polynomials In all the cases, R is commutative by Lemma 2:3, a contradiction.
Let R be of type (iv). Let R satisfy (I). This implies that 1 2 [ , ] 0 t t = , a contradiction.
Hence, one can see that no ring of type (i), (ii), (iii), (iv) or (v) satisfies (I) and an application of Proposition 2.1, R is commutative.
Corollary 3.1 Let , , l m n be fixed non-negative integers and R be a ring with unity 1. If for each ,
then R is commutative.
Remark 3.1
Given an integral exponent m with the property (I) which is allowed to vary with the pair of elements x and , y that is, if R satisfies the property (II), then a careful scrutiny of the proof of theorem 3.1 asserts that R has no factor subring of type (i) or (ii). Further, if R satisfies the property (CH), then in view of Lemma 2.3, we get the following.
Theorem 3.2
Suppose that R is a ring with unity 1 satisfying (CH). Moreover, if R satisfies the property (II) then R is commutative (and conversely).
Commutativity of torsion free s-unital rings
Since there are non commutative ring with 2 R being central, neither of these conditions guarantees the commutativity in arbitrary rings. Following [3] , a ring R is called left (resp. right ) s-unital ring if x Rx ∈ (resp. x xR ∈ ). A ring R is called s-unital if and only if x xR Rx ∈ ∩ for all x R ∈ . If R is s-unital (resp. left or right s-unital), then for any finite subset F of R there exists an element e R ∈ such that ex xe x = = (resp. ex x = or xe x = ) for all x F ∈ . Such an element e will be called a pseudo (resp. a pseudo left or pseudo right) identity of F in R Remark 3. 1 The following example demonstrates that in the Theorems 3.1 and 3.2 of [5] , the existence of both the conditions is not superfluous (even if ring R has unity 1). . Naturally, it is tempting to conjecture that an m-torsion free ring with unity 1 satisfying any one of the above properties must be commutative. Thus, under certain appropriate constraints on the commutators involved in the underlying conditions we can prove some interesting cases of the conjecture. In fact, we shall consider the following properties. An iteration technique was developed by Tong [14] . The method of Tong's proof originates the following generalization of the commutative law: Indeed, we begin with
